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KODAIRA DIMENSION OF ALGEBRAIC FUNCTION FIELDS 

By ZHAOHUA Luo 

0. Introduction. The concept of Kodaira dimension, together with 
Iitaka'sfibering theorem (see [I1] and [12]), is one of the most fundamen- 
tal tools in the theory of birational classification of algebraic varieties. A 
general theory in this respect, when the base field is of characteristic 0, has 
been developed by litaka and his school since the early seventies. The ob- 
ject of this work is to extend some of their results to the cases of positive 
characteristic. We adopt an algebro-arithmetic approach, which has the 
advantage that most of the discussions are characteristic free. We shall 
define the Kodaira dimension for any algebraic function field, and shall 
prove a "fibering theorem" for the Kodaira dimension of algebraic func- 
tion fields. 

Let K/k be an algebraic function field of dim K/k = n > 0 with the 
characteristic ch K/k = p 2 0. Thus K is a finitely generated extension 
over the base field k which is assumed to be algebraically closed in K, and 
trans.deg K/k = n. For the time being we assume that K/k has a non- 
singular complete model X, i.e. X is a nonsingular complete variety de- 
fined over k and K is the rational function field of X. The canonical ring 
C(X) of X is a k-graded integral closed algebra defined by 

C(X) = (D HO(X, (9x(iwx)) 
i2O 

where wx is a canonical divisor of X. It is well known that C(X) is a bira- 
tional invariant of X, i.e. X is uniquely determined by the algebraic func- 
tion field K/k, up to a k-graded algebra isomorphism. Thus it is legitimate 
to write C(K/k) for C(X), and call C(K/k) the canonical ring of K/k. 
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670 ZHAOHUA LUO 

From C(K/k) we derive the other "canonical invariants" of K/k, such 
as the Kodaira dimension K(K/k) of K/k, given by the formula 

K(K/k) = trans.deg C(K/k)/k - 1, 

and the canonicalfield Z(K/k) of K/k, which is a subfield of K generated 
by the quotients of homogeneous elements of C(K/k) with the same 
degree. The canonical field of K/k is algebraically closed in K, and if 
K(K/k) * -1, then K(K/k) = trans.deg Z(K/k)/k. 

We now assume 0 < K(K/k) < n, in which case K/Z(K/k) is an alge- 
braic function field of dimension n- K(K/k) > 0 with 

X= {x E XI any rational function f of X contained in Z(K/k) 
is locally regular at x } 

as a nonsingular model. Suppose X' is complete. Then the canonical in- 
variants C(K/Z(K/k)), K(K/Z(K/k)) and Z(K/Z(K/k)) are defined for 
K/Z(K/k). We shall prove that the Kodaira dimension of K/Z(K/k) al- 
ways vanishes. This is the "fibering theorem" for the Kodaira dimension of 
algebraic function fields. 

We now describe the structure of the paper. Hoping to prove the "fi- 
bering theorem" for any algebraic function field, we drop the assumption 
that K/k has a nonsingular complete model. A large part of the paper is 
devoted to constructing the canonical ring C(K/k) of K/k, using absolute 
differentials of K over its prime field. Let D(K) be the absolute differential 
module of K over its prime field. A subset B of K is called a differential 
basis of K/k if dB = { db I b E B } is a K-basis of D(K) and -B n k is a 
finite set. Let R be a regular locality of K/k (i.e. R is the local ring of a 
regular point of an affine model of K/k). We shall prove that the R-mod- 
ule RdR which is generated by dR in D(K) over R is a free R-module with a 
R-basis dB, where B is a differential basis of K/k contained in R (see Cor- 
ollary 2.7). We call B a set of uniformizing coordinates of R. 

In Section 3 we shall define, for any two differential bases BI, B2 of 
K/k, an element J(B,, B2) E K*/k*, where K* and k* are the multiplica- 
tive groups of K and k respectively, such that, if B, and B2 are two sets of 
uniformizing coordinates of a regular locality R of K/k, then J(B1, B2) is 
the residue class of an invertible element x of R in K*/k*. J(B1, B2) is 
called the "generalized Jacobian" of B, and B2. 
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KODAIRA DIMENSION OF FIELDS 671 

In Section 4 we define the canonical ring of K/k. Let A = (Di,0 Ai = 

K[X] be a polynomial ring in one variable X over K, considered as a k- 
graded algebra with Ai as the i-th homogeneous component. We can find a 
map T from the set of differential bases of K/k to A 1, such that, for any two 
differential bases B1 and B2 of K/k, we have T(BI) = aT(B2), where a E K 
with the residue class a* = J(B1, B2). Let R be any regular locality of K/k 
and BR a set of uniformizing coordinates of R. The polynomial ring gener- 
ated by the element Tr(BR) in A over R, denoted by Tr(R), is independent of 
the choice of BR. We define the canonical ring C(K/k) of K/k to be the 
graded k-subalgebra n Tr(R) of A, where R runs through the set of all regu- 
lar localities of K/k. 

The Kodaira dimension K(K/k) of K/k is then defined by the same 
formula as before, and the canonical field Z(K/k) of K/k can be obtained 
as the subfield 

K n QC(K/k) 

of K, where QC(K/k) is the quotient field of C(K/k) as a subfield of QA. 
If K/k has a nonsingular complete model X with a canonical divisor 

wx, we shall prove (see Theorem 4.7) that C(K/k) defined above is isomor- 
phic to C(X) = (Di>o HO(X, Ox(iwx)). In general, it is easy to show that 
C(K/k) is uniquely determined by K/k, up to a k-graded algebra isomor- 
phism. 

We now describe the "fibering theorem" for Kodaira dimension of 
algebraic function fields: 

Let K/k be an algebraic function field of dimension n with 0 < 

K(K/k) < n. Let Z(K/k) be the canonicalfield of K/k. Then K/Z(K/k) is 
an algebraicfunctionfield with the Kodaira dimension K(K/Z(K/K)) = 0. 

A proof of this theorem is given in Section 5, under the assumption 
that K/k has a normal complete model X of the same Kodaira dimension 
as K/k (e.g. X is nonsingular). Although this is apparently a very weak 
restriction, we do not know at present how to remove it. 

In the first two sections we give a presentation of the theory of uni- 
formizing coordinates of regular localities, following Zariski [Zl], Zariski 
and Falb [Z-F], and Kunz [K]. A notable feature of our approach is per- 
haps the systematic adoption of the language of differential bases of ab- 
stract fields. We hope this rather straightforward and elementary treat- 
ment may have interest of its own. 
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1. Differential bases. Given a field K with a subfield k, we let 
D(K/k) denote the differential module of K over k. A subset B of K is 
called K/k-differentially independent, if the subset dB = db b E B } of 
D(K/k) is K-linearly independent. If dB is further a K-linear basis of 
D(K/k), we say that B is a K/k-differential basis. 

These concepts can be introduced in several other ways. First consider 
the following statements concerning a subset B of K: 

(a) for every element x of B there exists a derivation D. of K over 
k such that DX(x) = 1 and D,(y) = 0 for every element y of B different 
from x. 

(b) any element x of B is not separably algebraic over the subfield 
KPk(B - {x }) of K (here KP = {y YIy E K } for K of prime characteristic 
p > 0. If ch K = 0 we let KP denote the prime field of K). 

(c) if D is a derivation of K over k such that D(B) = 0, then D(K) = 0. 
(d) the field K is separably algebraic over KPk(B). 
(d') the field K is separably algebraic over k(B). 

LEMMA 1.1. The above condition (a) or (b) (resp. (c) or (d)) holds for 
a subset B of K if and only if B is K/k-differentially independent (resp. dB 
is a set of generators of D(K/k)). If K/k is finitely generated, then (c) (or 
(d)) and (d') are equivalent. 

Proof. The assertions about (a) and (c) are easy consequences of the 
universal property of the canonical derivation d: K -+ D(K/k). The equiv- 
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KODAIRA DIMENSION OF FIELDS 673 

alence of (a) and (b) (also that of (c) and (d)) follows from the well known 
facts of extending derivations of fields (see [LI, p. 268; the proof of the last 
statement of the lemma is on the same page). Q.E.D. 

COROLLARY 1.2. (see also [M], p. 271). (a) If K is afield of charac- 
teristic 0, then B is K/k-differentially independent if and only if B is alge- 
braically independent over k. B is a K/k-differential basis if and only if B is 
a transcendence basis of K over k. 

(b) If K is of prime characteristic p > 0, then B is K/k-differentially 
independent if and only if B is p-independent over k. B is a K/k-differen- 
tial basis if and only if B is a p-basis of K over k. 

In this work we shall use the unified concept of a differential basis 
exclusively. Hence in the following a familiarity with the concept of a p- 
basis on the part of the readers is not required. 

Our main concern of this section is the precise relationship between 
the differential bases of a field and those of its finitely generated exten- 
sions. For that purpose some notations are in order. 

Let G and G' be two arbitrary sets. If the set G-G - G' is finite, 
we denote this by G < G'. If G < G' and G' < G, then we write G - G'. 
Obviously "- " is an equivalence relation. If G - G', then G-G f G' 
and G'-G f G' are two finite sets with, say, r 2 0 and s 2 0 elements, 
respectively. The difference r - s will be denoted by IGG' I. Clearly 

IGG-I = GG'l + G'G"jIforanyG G' -G". 
We start with the simple extensions: 

LEMMA 1.3. Let K = F(x) be a simple extension over afield F con- 
taining a subfield k, and E a F/k-differential basis. Then 

(a) If x is transcendental (resp. separably algebraic) over F, then E U 
{x } (resp. E) is a K/k-differential basis. 

(b) If x is purely inseparable over F, and if 

XP-a (a EF, p > O) 

is the irreducible polynomial satisfied by x, then: 

(bl) if a E FPk, E U {x } is a K/k-differential basis. 
(b2) if a FPk, there exists an elementy of Esuch that (E U {x})- 

{y} is a K/k-differential basis. 
(b3) if k is perfect, then only (b2) can happen. 
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674 ZHAOHUA LUO 

Proof. The assertions (a), (bl) and (b2) follow easily from Lemma 
1.1. For part (b3), notice that a 0 FP (because otherwise XP - a would be 
reducible over F), and FP = FPk since k is perfect. Q.E.D. 

LEMMA 1.4. Let K/F be a finitely generated extension with 
trans.deg K/F = r, and k a subfield of F. 

(a) If B and B' are K/k-differential bases and B > B', then B - B' 
and IBB'l = 0. 

(b) If E is a F/k differential basis, then there exists a K/k-differential 
basis B such that E - B. 

(c) If B is a K/k-differential basis and B < F, then there exists a F/k- 
differential basis E such that B - E. 

(d) There exists a unique integer [KF]k 2 0 such that, if B and E are 
differential bases of K and F over k respectively, and B - E < F, then 

BEI = r + [KF]k. 
(e) If E is a F/k-differential basis, B a subset of K with B - E and 

BEI = r + [KF]k (see (d)), then B is K/k-differentially independent if 
and only if dB is a set of generators of D(K/k). In either case B is a K/k- 
differential basis. 

(f) If k is perfect, then [KF]k = 0. 

Proof. Part (a) follows from the basic properties of the linear bases 
of a linear space. The assertion (b) holds for a simple extension, according 
to Lemma 1.3; by induction it also holds for any finitely generated exten- 
sion. 

To prove (c), let G = B n F. Then the assumption B < F implies that 
G - B. Since G is K/k-differentially independent, it is also F/k-differen- 
tially independent (by Lemma 1.1). Let E be a F/k-differential basis con- 

taining G. According to (b) we may find a K/k-differential basis B' having 
the relation E - B'. Then we have B - G < E - B', which, by part (a), 
implies that B B', because B and B' are both K/k-differential bases. 

NowwehaveB G <E B' - B. HenceB -E. 
For part (d) we need to show that, for any K/k-differential basis B 

and any F/k-differential basis E with B - E < F, the integer IBEI - r is 

nonnegative and is independent of the choices of B and E (then we may let 

[KF]k = IBEI - r). Let K = F(x, ... , Xn). We proceed by induction on 
n. For n = 1 this is true by (a) and Lemma 1.3. So we assume that (d) holds 

upton - 1. Write K' = F(x1I. . . , xn_l). Putt =trans.deg K/K' < 1 

and s = trans.deg K'/F c n - 1 (note s + t = r). LetB andE be as in the 
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lemma. According to part (b), there exists a K'/k-differential basis B' 
such that B' - E. Then |BB'j =-t + [KK' Ikand lB'E| = s + [K'F]k, 
where [KK' Ik, [K'FIk ? 0 by the inductive assumption. Since 

IBEj = |BB'| + IB'E| = s + t + [KK' Ik + [K'FIk 

= r + [KK'Ik + [K'FIk, 

we have IBEI - r = [KK' Ik + [K'FIk. The sum on the right side is, by the 
inductive assumption, a nonnegative integer, which is independent of the 
choices of B and E. This proves (d). 

Part (e) follows directly from (d). 
Finally, if k is perfect, Lemma 1.3, (b3) implies that [KF]k = 0 if K/F 

is a simple extension. The general cases for (f) can be proved by induc- 
tion. Q.E.D. 

LEMMA 1.5. Let K/F be a finitely generated extension of 
trans.deg K/F = r and k a subfield of F. 

(1) If K/F is separably generated with a separating transcendence ba- 
sis N, and E a F/k-differential basis, then B = E U N is a K/k-differential 
basis, and [KF]k = 0; 

(2) If [KFIF = 0, then K/F is separably generated, and any K/F- 
differential basis B' is a separating transcendence basis of K/F. 

Proof. (1) The assertion that B is a K/k-differential basis comes 
from Lemma 1.3, (a) by induction. It implies that 

[KF]k = |BE| - r = NI - r = 0 

for any subfield k of F. 
(2) Suppose [KFIF = 0 and B' a K/F-differential basis. Then B' = 

r + [KFIF = r. But K is separably algebraic over F(B'), in view of Lemma 
1.1, (d'). Thus B' is a separating transcendence basis of K/F. Q.E.D. 

COROLLARY 1.6. K/Fis a separably generated extension if and only 
if [KF]k = 0 for any subfield k of F. 

2. Uniformizing coordinates. Throughout this section K/F will 
be a fixed algebraic function field of dimension n (i.e. K is a finitely gener- 
ated extension over the ground field F; F is algebraically closed in K and 
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676 ZHAOHUA LUO 

trans.deg K/F = n > 0). By a locality of K/F we mean a subring R of K 
satisfying the following conditions: 

(1) F C R; 
(2) the quotient field QR of R is K; 
(3) there exists a finitely generated algebra A = F[x1, . , xr] over F 

with a prime ideal P of A such that 

R =Ap 

where Ap is the quotient ring of A with respect to P. The maximal ideal of 
R is denoted by M and the residue field R/M of R by L. Passing to the 
residue classes, we habitually regard F as a subfield of L. 

Definition 2.1. Let k be a subfield of F and B a K/k-differential 
basis contained in R. We say B is a set of uniformizing coordinates of R 
over k, if the R -module RdR is free with dB = {db Ib EB } as a R -free basis 
(or equivalently, if RdR = RdB), here RdR is the R-module generated by 
dR in D(K/k); if furthermore B contains a set of generators of the maximal 
ideal M of R, then B is called a set of normal uniformizing coordinates of R 
over k. A subset H of K is said to be R-independent over k if there exists a 
set of uniformizing coordinates of R over k containing H. 

We fix some notations which will be used throughout this section: 

d: K D(K/k) is the canonical derivation of K over k. 
E* = {e*,} is a L/k-differential basis with E* < F. 
E = {ei } is a lift of E* to R such that the elements of E* n F are lifted 

back to themselves under the above identification of F (thus E - E*). 
B' is a F/k-differential basis with B' - E. 
B C R is a K/k-differential basis with B - E. 
(See Lemma 1.4 for the existence of such B - B' - E - E*.) 

LEMMA 2.2. For any x E R, there exists an element w EM, such that 
dx = 12 aidej + cdw, where ai, c eR, e EE and c O M. 

Proof. Letx* denote the residue class of x inL. By Lemma 1.1, (d), 
x* has an irreducible separable polynomial f*(X) over the subfield 
k(LP(E*)) (p = ch k; see Lemma 1.1 (b) for the meaning of LP). We may 
assume that f*(X) has coefficients in k[LP U E*]. Let f(X) eR[X] be a 
lift of f*(X) such that the elements of LP U E* are lifted back to (R n KP) 

U E, and the elements of k remain unchanged. Since f*(x) = 0 and 
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f* ' (X) * 0 (here f*'(X) is the result of differentiating f*(X) with re- 
spect to X), we havef(x) EM and f'(x) 0 M. Then 

df (x) = E aidej + f '(x)dx; 

dx = (f '(x))- 1df (x) + E (-f '(x))- laidej, 

where f'(x)-1 0 M, (-f '(x))1ai ER. This proves the lemma. 

LEMMA 2.3. Let U = {u1, .. ., uj be a set of generators of the 
maximal ideal M in R. Then 

(1) RdR RdE + RdM; 
(2) RdM RdU + MdR; 
(3) RdR = RdE + RdU + MdR. 

Proof. We only need to prove (2), because (1) is already contained in 
Lemma 2.2, and (3) is a combination of (1) and (2). Since M = RU, 
RdM C RdU + MdR. But MdR c RdM (as mda = d(ma) - adm for 
any m EM and a ER). Thus RdM = RdU + MdR. Q.E.D. 

LEMMA 2.4. Put U U E = N. If RdR/RdNis a finite R-module, 
then RdR = RdN. 

Proof. According to Lemma 2.3, (3), we have RdR = RdN + MdR, 
which, together with the assumption on RdR/RdN, implies that RdR = 
RdN by Nakayama's lemma. Q.E.D. 

THEOREM 2.5. Let R be a locality of K/F, E a lift of a L/k-differen- 
tial basis E* < F, and U a set of generators of M in R. Then RdR = RdN 
(where N = U U E). 

Proof. According to Lemma 2.4, we only need to show that RdR/ 
RdN is a finite R-module. Suppose R = F[xl, .. . , xs]p and let B' be a 
F/k-differential basis such that B' E. Denote B' U {x1, . . . , x, } = Q. 
Then RdR = RdQ. Since Q - B' ~-E - N, T Q - (Q n N) is a finite 
set. From 

RdR = RdQ = R(dT U d(Q n N)) = R(dT U dN) 

it follows that RdR/RdN is a finite R-module. Q.E.D. 

Our main theorem of this section is the following 

This content downloaded from 169.230.243.252 on Mon, 15 Dec 2014 23:59:35 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


678 ZHAOHUA LUO 

THEOREM 2.6. Let R be a regular locality of K/F, and k a subfield 
of F such that [KF]k = [LF]k. Then R has a set of normal uniformizing 
coordinates BR over k with BR B < F. In fact, if U is a minimal basis of 
M in R, E a lift of a L/k-differential basis E* such that E - E* - B, then 
N = U U E is such a set of uniformizing coordinates of R over k. 

Proof. By definition it is easy to see that a subset N of R is a set of 
uniformizing coordinates of R over k if and only if the following two condi- 
tions are satisfied: 

(1) RdR = RdN; 
(2) N is K/k-differentially independent. 

Now (1) is true by Theorem 2.5, and (2) follows from Lemma 1.4 (e) 
since, for any F/k-differential basis B' with B' - E, 

INB'I = IEB'I + INEI = [LF]k + trans.degL/F + krull dimR 

- [KF]k + trans.deg L/F + krull dim R 

- [KF]k + trans.deg K/F. 

(Note INEI = IUl = krull dim R, since R is regular.) Q.E.D. 

COROLLARY 2.7. If k is a perfect subfield of F(e.g. the primefield of 
F), then any regular locality R of K/F has a set of normal uniformizing 
coordinates BR over k with BR - B < F. 

Proof. Since k is perfect, [KF]k = [LF]k = 0 by Lemma 1.4, (f). 
Thus we can apply the theorem. Q.E.D. 

THEOREM 2.8. Let R be a regular locality of K/F. Then [KF]k < 

[LF]k for any subfield k of F. 

Proof. We use the notations of Theorem 2.5 (assume that U is a 
minimal base of M). Since RdR = RdN, N contains a K/k-differential 
basis N' with N' - B' (by Lemma 1.4). Then INB'l = JEB'J + INEJ = 

[LF]k + trans.deg L/F + krull dim R = [LF]k + trans.deg K/F, 

IN'B' I = [KF]k + trans.deg K/F, and INB' I I jN'B' I. It follows that 

[LF]k 2 [KF]k. Q.E.D. 

COROLLARY 2.9. If R is a regular locality of K/F with [LF]k = 0 

(e.g. if L/F is a separably generated extension, see Corollary 1.6), then 
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KODAIRA DIMENSION OF FIELDS 679 

[KF]k = [LF]k = 0, and R has a set of normal uniformizing coordinates 
BR over k such that BR - B < F. 

LEMMA 2.10. (a) Let x be an element of R, G = {gi} a subset of R, 
andx 0 G. If dx = E2adgi + w, where weMdR, and a eR, then G U {x} 
is not R-independent over any subfield of F. 

(b) Let G be a subset of M. If the set of residue classes of the elements 
of G in M/M2 is not R/M-independent, then G is not R-independent over 
any subfield of F. 

(c) Let B = {b;} be a set of uniformizing coordinates of R over k, 
G = {g,} afinite subset of R, and dgj = E aj,dbi. Then G is R-independent 
over k if and only if rank Ilaj t mod M = IGj. 

Proof. Part (a) follows from Nakayama's lemma, while (b) and (c) 
can be proved easily by using (a). Q.E.D. 

LEMMA 2.11. If R is a regular locality and [KF]k = [LF]k, then a 
subset of M is a part of a minimal basis of M if and only if it is R-indepen- 
dent over k. 

Proof. The "only part" follows from Lemma 2.10, (b). For the other 
direction apply Theorem 2.6. Q.E.D. 

THEOREM2.12. (Zariski'smixedJacobiancriterion [Z2]). LetF[X] 
- F[XI, . .. , X,] be a polynomial ring, N and P two prime ideals of 
F[X] with N C P, and R = F[X]p/NF[X]p. Let k be a subfield of F and 
[LF]k = 0 (where L = R/M and K = QR). Let U = {ut} be afinite set of 
generators of N, B' = {bj' } a F/k-differential basis, and 

(*) dut = S atjdbj' + E ctdX,. 

Let I be the coefficient matrix of the right side of (*) (with respect to { db,' } 
U { dXz }). Then 

(1) R is regular if and only if the rank of I mod P equals v = height N; 
(2) LetG = {b.' eB'jat1 * Oforsomet}and G' = G U {xi, . 

x,} where k[x] k[X]/N. Then G is a finite F/k-differentially indepen- 
dent subset of F. If R is regular, we can find a subset G1' of G' with v 
elements such that (B' - G) U (G' - G1') is a set of uniformizing coor- 
dinates of R over k. 

Proof. (1) We may assume that U is a minimal basis of the maximal 
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ideal of F[XIN (because the rank will be the same). We contend that the 
following assertions are equivalent: 

(a) R is regular; 
(b) U is a part of a minimal base of PF[X]p; 
(c) U is F[X]p-independent; 
(d) the rank of I mod P (or mod PF[X]p) equals I Ul = v. 

The equivalence of (a) and (b) is well known. That of (b) and (c) fol- 
lows from Lemma 2.11, as we have [F(X)FIk = [LF]k = 0. Finally the 
equivalence of (c) and (d) is the content of Lemma 2.10, (c), since I X } U 
B' is a set of uniformizing coordinates of F[X]p. 

(2) If R is regular, then, according to part (1), the rank of I mod P 
equals v = height N; we can choose a subset G1' of G' with v elements 
such that, if H = (B' - G) U (G' - GI'), then RdR = RdH, and 

IHB' = trans.deg K/F by direct calculation. Since [LF]k = 0, we have 
[KF]k = 0 by Corollary 2.9. Applying Lemma 1.4, (e) we see that H is a 
K/k-differential basis. This shows that H is a set of uniformizing coordi- 
nates of R over k. Q.E.D. 

Finally we introduce the concept of a "reference set," which is needed 
in the next section (see the proof of Lemma 3.1 below). 

Definition 2.13. Let C be a set of regular localities of K/F. A subset 
G of F is called a reference set of C over a subfield k of F if the following 
conditions are satisfied: 

(a) G is F/k-differentially independent; 
(b) For any R E C there exists a subset T C R such that, whenever B' 

is a F/k-differential basis containing G, then (B' - G) U T is a set of 
uniformizing coordinates of R. 

(Note that if G is finite, then T is also finite by Lemma 1.4.) 

LEMMA 2.14. (a) Let C(A) be the set of regular localities of an affine 
domain A = F[xl, . . . , xx], and k a perfect subfield of F. Then C(A) has a 
finite reference set over k. 

(b) If A1, .. , A,Am are affine domains of K/F and C' is the union of 
C(AI), . . . , C(Am) (as in (a)), then C' has a finite reference set over k. 

Proof. (a) has already been proved (see part (2) of the above 
theorem). 
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(b) Let G be a finite F/k-differentially independent subset of F con- 
taining, for each Ag, a finite reference set G(Ag) of C(Ag). Then it is easy to 
see that G is a finite reference set of C' over k. Q.E.D. 

3. Generalized Jacobian of differential bases. Starting from this 
section, until the end of Section 5, we shall only consider absolute differen- 
tials, i.e. the differentials over the prime field. Therefore, in the following, 
when we speak of differentials of a field, we tacitly assume that they are 
taken over the prime field. We shall fix an algebraic function field, de- 
noted by K/k (instead of K/F as we did in the last section), of dimension 
n > 0. By a differential basis of K/k we mean a differential basis B of K 
(over the prime field of k) with B < k. We denote the set of differential 
bases of K/k by S(K/k), or simply by S. Let H (resp. HI) be the set of 
regular localities (resp. regular localities of krull dim 1) of K/k. Hence- 
forth, all differential bases of K (or any set of uniformizing coordinates for 
regular localities) and all regular localities under our investigation will be 
taken from the sets S and H respectively. We emphasize the fact that, since 
the prime fields are perfect, all the results of the previous sections are ap- 
plicable here. For our purpose, the most important one is that any regular 
locality of H has a set of uniformizing coordinates in S (see Corollary 2.7). 

Let B1 and B2 be two differential bases of K/k and suppose that B1 - 

B2. Up to a ? sign, we can define the determinant of the transformation 
matrix, from the linear basis dB, to dB2, since there are only finite ele- 
ments different from 1 (resp. from 0) on the diagonal (resp. away from the 
diagonal) of the matrix. Passing to the residue group K*/k* (K* and k* 
are the multiplicative groups of K and k respectively), we obtain a unique 
class, denoted by (B2, B1). 

LEMMA 3.1. Let V be a normal projective model of K/k and H 1 the 
set of regular local rings of (regular) points of V with codim 1. Then there 
exists a unique map 

Jv: S X S --K*k 

satisfying the following conditions: 

(1) Jv(B1, B2).Jv(B2, B3) = Jv(B1, B), for any B1, B2, B3 in S. 
(2) If B1 - B2, then Jv(B1, B2) = (B1, B2). 
(3) Let BR be a set of uniformizing coordinates of a regular locality R 
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in Hv1, and B1 a differential basis of K/k contained in R. Then Jv(B1, BR) 
- x*, where x* is the residue class of an element x E R in K*/k*. 

((1) and (2) imply that x is an invertible element of R if B1 is also a set 
of uniformizing coordinates of R). 

Proof. First we prove the uniqueness of JV. Let J' v be another map 
satisfying the same conditions. For any B1, B2 E S we shall prove that 

Jv(B1, B2) = J'V(B1, B2). LetR EHV 1 and let BIR, B2R be two sets of uni- 
formizing coordinates of R such that B1R B1, B2R B2. Then by (2) we 
have 

JV(B1, BIR) = J'V(B1, BIR) = (B1, BIR), and 

JV(B2R, B2) = J' v(B2R, B2) = (B2R, B2). 

Thus 

Jv(Bl, B2)/J'v(BI, B2) 

= JV(BI, BIR)JV(BIR, B2R)JV(B2R, B2)! 

J' v(BI, BIR)J'v(BIR, B2R)J'V(B2R, B2) 

= Jv(BlR, B2R)/J'v(B1R, B2R) = X1 /X2, 

where xl, x2 are units in R (by condition (3)). Since this is true for any 
regular locality R of K/k, we see that xl/x2 E nR = k. Thus xl*/x2* - 

1* E K*/k* which shows that Jv(B1, B2) = J'v(Bl, B2). 
To define Jv we note that if we put Jv(BI, B2) = (B1, B2) for any B1 

B2, then the conditions (1)-(3) are satisfied for any B - B2 - B3. Since V 
is covered by finite affine open sets over k, we have seen in Section 2 that 

HOv has a finite reference set N C k. Let B1, B2 be two differential bases of 
K/k, and Z1, Z2 two differential bases of k, such that B1 I Z1, B2 Z2 and 
N ' ZI, Z2. For any R E H I we can find, according to the definition of a 
reference set, a finite subset GR of K, such that Q 1R = (Z1 - N) U GR and 

Q2R = (Z2- N) U GR are two sets of uniformizing coordinates of R (GR 
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depends on R, but not on Z, for a fixed N). Also we have B1 - Q1R and 
B2 - Q2R. Define 

Jv(B1, B2) = (B1, Q1R)(Q2R, B2). 

We have to show that Jv(B1, B2) only depends on B1 and B2 (then we may 
consider Jv as a map from S X S to K*/k*). If N', R', Q'1R' and Q'2R' 

are other similar choices for N, R, Ql Rand Q2R, with the corresponding 
J'v(BI, B2), then, for any R" e HV1, Q 1R" (with respect to N), and Q'2R " 
(with respect to N') we have (Q1R", Q1R) = (Q2R", Q2R) and (Q'1R', 

Q'1R") = (Q'2R', Q'2R") by direct calculations. Then 

Jv(BI, B2)/J'v(B1, B2) 

= (B1, Q'1R')(Q'1R', Q1R)(Q2R, Q'2R')(Q'2R',B2)/ 

(B1, Q'1R')(Q'2R', B2) 

= (QIR', Q1R)(Q2R, Q'2R') = (Q'1R', Q1R)/(Q'2R', Q2R) 

= (Q'1R', Q'1R")(Q'1R", Q1R")(Q1R", Q1R)/ 

(Q'2R', Q'2R")(Q'2R", Q2R")(Q2R", Q2R) 

= (Q'1R", Q1R")/(Q'2R", Q2R")= X1= X2 

where xI, x2 are units in R ". Hence 

Jv(Bj, B2)/J'v(Bl, B2) = S*, 

s being a unit of R " e HV1. It follows again that s e nR = k. Therefore 

Jv = J' V. 
It is easily seen that Jv,, viewed as a map from S X S to K*/k*, satis- 

fies the three conditions. This finishes the proof of Lemma 3.1. 
The map Jv defined above is in fact independent of the choice of V. 

More specifically, we have 
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THEOREM 3.2. For any algebraic function field K/k there exists a 
unique map 

J: S X S -+ K*/k* 

satisfying the conditions (1), (2) of Lemma 3.1 and (3) for any regular lo- 
cality of K/k. 

Proof. The uniqueness of J is obvious because, if such a map exists, 
it must coincide with the map Jv defined in Lemma 3.1 for any normal 
projective model V of K/k. 

Next we point out that if J is a map having the properties (1), (2), and 
(3) for any R E HI, then J already satisfies (3) for any regular localities of 
K/k. For if R is a regular locality of K/k, with BR a set of uniformizing 
coordinates of R, and if HR1 is the set of quotient rings of R with respect to 
the prime ideals of R of height 1, then BR is also a set of uniformizing 
coordinates for any Rp in HR1 (we have d(a/b) = (bda - adb)/b2 E RpdB 
for any a, b E R with b 0 P; thus RpdRp = RpdB). Therefore J(B1, BR) = 

x*, where x Ef nRp = R. 
Finally we prove that the map Jv defined in Lemma 3.1 for any nor- 

mal projective model V of K/k is in fact independent of the choice of V. 
Let V' be another normal projective model of K/k, and V" the normaliza- 
tion of the graph of the birational map from Vto V' (see [Zi]). Then Hv1, 
Hv I C Hv, 1. From the uniqueness of Jv and Jv, we find that Jv = Jv, 
and Jv = Jv . Hence Jv = JvA. Denote this unique map by J. Since any 
regular locality R in H1 is the local ring of a regular point of codim 1 of a 
normal projective model of K/k, we conclude that the map J satisfies the 
condition (3) for any R in H1, hence, by the remark in the last paragraph, 
for anyR in H. Since the conditions (1) and (2) of the theorem are the same 
as those given in Lemma 3.1, we see that J is the map we are looking 
for. Q.E.D. 

The unique map J defined above is called the "Generalized Jacobian" 
of the differential bases of K/k. 

4. Canonical ring of algebraic function fields. Now we come to the 
global part of the theory. This section is devoted to constructing the canon- 
ical ring for an arbitrary algebraic function field K/k. We shall use the 
same notations as in Section 3. 
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Definition 4.1. A universal algebra of K/k is a graded k-algebra 
A = ?3i?o Ai which is at the same time a polynomial ring A = ?3i,o Ai = 
(Di~,o KXi in one variable X eA 1 over K. Ai is the i-th homogeneous compo- 
nent of A. An element of Ai is called a homogenous element of degree i. 

We apply the "generalized Jacobian" map J: S X S -+ K*/k*, estab- 
lished in the preceding section, to define a canonical algebra for K/k. 

Definition 4.2. A canonical algebra of K/k is a pair (A, r) consisting 
of a universal algebra A of K/k, together with a map r: S -k Al, such that, 
for any B1, B2 E 5, we have r(B2) = ar(BI) * 0, where a E K and a* = 

J(B2, B1). 
Suppose a universal algebra A of K/k is given. To construct such a 

map r, take any B E 5, X E Al and assign r(B) = X. Then r can be ex- 
tended (noncanonically) to a map from S to Al, such that, for any B1 E 5, 
r(B1) = ar(B) with a* = J(Bi, B). The same formula also holds for any B1, 
B2 E 5, in view of Theorem 3.2 (1). Therefore the map r, together with A, 
forms a canonical algebra of K/k. 

Let (A, r) be a canonical algebra of K/k, R a regular locality of K/k. 
According to Corollary 2.7, R has a set of uniformizing coordinates BR in 
S. The image r(BR) generates a polynomial ring r(R) = ?i)o R(7(BR))i over 
R in A. If BR' is another set of uniformizing coordinates of R in 5, we have 
7(BR') = ar(BR), with a* = J(BR', BR). By Theorem 3.2 (3), a is a unit of 
R. Thus r(BR) and r(BR') generate the same polynomial ring r(R) over R. 
This shows that r(R) is uniquely determined by R. 

Definition 4.3. The canonical ring of K/k (associated with a canoni- 
cal algebra (A, r)) is the intersection 

C(K/k) = nfr(R), 

where R runs through all regular localities of K/k. (In the following we 
shall simply write C for C(K/k) if no confusion will thereby arise) 

Since k C r(R) for each R, we have k C C, which implies that C is not 
empty, and we may regard C as a k-algebra. Furthermore, since each r(R) 
is a graded k-algebra, C has a natural graded k-algebra structure: C = 

?ii,o Ci, with Ci C Ai as the i-th component of C. 
We show that the canonical ring C is uniquely determined by K/k, up 

to a k-graded algebra isomorphism. Take another canonical algebra (A', 
r') with the corresponding canonical ring C' = ?i,O C'i, and fix an arbi- 
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trary differential basis B of K/k. Since both A and A' are polynomial rings 
in one variable over the field K, there is a unique K-algebra isomorphism 
f: A -+ A' such that f (X(B)) = r'(B). If BR is a set of uniformizing coordi- 
nates for a regular locality R of K/k, then r(BR) = ar(B), r'(BR) = 

a'r'(B) with a/a' E k (as a* = a'* in K*/k*). Therefore r(R) = (I)i>o 
R(7(BR))i = ?i?O R(ar(B))i is mapped onto r'(R) = ?&i?o R( r'(BR))i = 

)i?,oR(a'r'(B))i byf. Since C = nr(R) and C' = nr'(R), we see that 

f Ic: C -+ C' is a k-graded algebra isomorphism. 
For the remainder of this section we study some elementary properties 

of C. We need a relative version of C. Let H be the set of regular localities 
of K/k (as in the last section), and H' a subset of H. Define C(H') = 
n r(R), as R runs through all R E H'. In general, C is contained in C(H') 
as a k-graded subalgebra. If H1 is the set of regular localities of krull dim 1 
of K/k, then we have 

LEMMA 4.4. C = C(H1). 

Proof. Since any R E H is integral closed, we have R = nRp, where 
the intersection is taken over all the prime ideals of height 1 of R. Let B be 
a set of uniformizing coordinates of R. Then B is also a set of uniformizing 
coordinates for any Rp. Thus 

r(R) = ? R(7(B))i = n ?) Rp(7(B))i = nfl(Rp). 
i2O i?O 

It follows that 

C = C(H) = nr(R) = n(nr(Rp)) = C(H1). Q.E.D. 

Let wi ? 0 be a homogeneous element of Ai. For a normalized discrete 
valution v (of rank 1) of K/k, we associate an integer v(wi) in the following 
way: 

Denote Rv = {z E KIv(z) > O}. Then Rv is a regular locality of K/k of 
krull dim 1. Let BR be a set of uniformizing coordinates of Rv. Then wi= 
a(7(BR))i for some a E K. Define v(wi) = v(a). Clearly v(wi) is independent 
of the choice of BR. 

The integer v(wi) may be ? 0 for infinitely many v. But if we only treat 
the discrete valutations vw with respect to the subvarieties Wn-I' of a nor- 
mal complete model Vn of K/k, here n = trans.deg K/k, then vw(wi) * 0 
for only a finite number of vw. Define (wi)v = E vw(wi)W. Then (wi)v is a 
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Weil divisor of V. If wi' * 0 is another element of Ai, we have wi' bwi 
for some b E K. It follows that (wi')v = (b)v + (wi)v. Thus (wi')v is lin- 
early equivalent to (wi)v. The unique divisor class determined by (wi)v is 
called the i-th canonical class of V. 

Now assume Ci * 0 for some i > 0 and fix one of its element wi * 0. 
The map f: Ci -k K given by f (wi') = wi'/wi for any wi' E Ci is an embed- 
ding of Ci into the k-vector space M = {z E Kl(z)v + (wi)v 2 0}. Since 
dimkM < + oo as is well known, we have 

LEMMA 4.5. dimkCi < + oo for all i 2 0. 

Definition 4.6. gi = dimkCi is the i-th pluri-genus of K/k. 

THEOREM 4.7. If V is a nonsingular complete model of K/k, and 
H I the set of prime divisors of V (i.e. the set of regular localities of the 
points of V with codim 1), then C(HV1) = C. 

Proof. Any R E H1 is a discrete valuation ring with the discrete valu- 
ation VR of K. Since V is a complete model, VR has a center P in V, and the 
Icoal ring R' of P is regular, with R' C R. Let BR and BR' be two sets of 
uniformizing coordinates of R and R' respectively. Then T(BR') = ar(BR) 
with a E R by Theorem 3.2, (3), and R'(7(BR'))i = R'(ar(BR))i = 

R'ai(7(BR))i C R(r(BR))i. On the other hand, since R'(r(BR'))i = 

nRp'((r(BR'))i, where P runs through the prime ideals of height 1 of R', 
we have C(Hv1) C C(H1) = C(H). Combining this with the obvious rela- 
tion C(HV1) : C, we find that C(Hv) = C. Q.E.D. 

THEOREM 4.8. C(H') is integrally closed for any subset H' of H. 
Particularly, the canonical ring of K/k is integrally closed. 

Proof. By definition C(H') = n r(R) with R E H', and each r(R) is 
a polynomial ring in one variable over R, hence an integrally closed do- 
main (because R is one; see [Ml, p. 116). It follows that C(H) = n r(R) is 
an integrally closed domain. 

Let H' = H, we obtain the last assertion. Q.E.D. 

5. Kodaira dimension of algebraic function fields. In this section 
K/k will be a fixed algebraic function field of dimension n > 0, (A, r) a 
canonical algebra for K/k, and C the canonical ring of K/k associated 
with (A, r). 

Definition 5.1. The canonicalfield of K/k is the subfield Z(K/k) = 

QC n K of K, here QC is the quotient field of C. We call the integer 
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K(K/k) = trans.deg QC/k - 1 the Kodaira dimension of K/k. If V is a 
normal complete model of K/k, we define the Kodaira dimension of V by 

K(V) = trans.deg QC(Hv1)/k - 1. 

As C is uniquely determined by K/k (up to a graded k-algebra isomor- 
phism), the canonical field and the Kodaira dimension of K/k are all in- 
variants of K/k. 

LEMMA 5.2. If K(K/k) *-1, then trans.deg QC/Z(K/k) = 1, and 
K(K/k) = trans.deg Z(K/k)/k. 

Proof. The second assertion follows immediately from the first one. 
Clearly, our assumption implies that Ci * 0 for some i > 0, because other- 
wise QC = CO = k. Fix an element x * 0 of Ci. Let y * 0 be an element of 
any C, 7 0 with j > 0. Then there exists an element a E Z(K/k) such that 
yi = axf. Thus y is algebraic over Z(K/k)(x). Since QC is the quotien field 
of C, we conclude that trans.deg QC/Z(K/k) = 1. Q.E.D. 

THEOREM 5.3. The subfields Q(C(H')) and Z'(K/k) = Q(C(H')) 
n K are algebraically closed in QA for any H' C H. The canonicalfield 
Z(K/k) of K/k is algebraically closed in K. 

Proof. Suppose that z E QA is algebraic over Q(C(H')). There exists 
an element a of C(H') such that az is integral over C(H'). As C(H') = 
nr(R), where R runs through H', the element az is integral over each 
r(R). Since r(R) is integrally closed and Q(r(R)) = QA, we see that az E 

r(R) for all R E H'. Thus az E C(H') and z = az/a E QC(H'). Therefore 
Q(C(H')) is algebraically closed in QA. Since K is algebraically closed in 
QA, the field Z'(K/k), as the intersection of Q(C(H')) and K, is alge- 
braically closed in QA. Let H' = H we conclude that the canonical 
field Z(K/k) of K/k is algebraically closed in QA, therefore also 
in K. Q.E.D. 

LEMMA 5.4. K(K/k) =-1 if and only if C = k; K(K/k) = 0 if and 
only if dimkCi < 1 for any i > 0, and the equality holds for at least one 
i > O. 

Proof. The first part is obvious. To prove the second assertion, as- 
sume that dimkCi > 1 for some i > 0 and let z1, Z2 E Ci be two linearly 
independent elements over k. Then zl/Z2 EZ(K/k) and Z1/Z2 0 k. Since k is 
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algebraically closed in K, Z1/Z2 is transcendental over k. But trans.deg 
Z(K/k)/k > 0 implies that K(K/k) > 0 by Lemma 5.2. Q.E.D. 

Let F be a subfield of K containing k, and suppose that K/F is also an 
algebraic function field. We have S(K/F) 2 S(K/k). It is easy to see that, 
in view of Corollary 2.7, any regular locality of K/F has a set of uniformiz- 
ing coordinates in S(K/k). Take a canonical algebra (A, r') of K/F such 
that r' (B) = r(B) for any B E S(K/k). The canonical ring C(K/F) associ- 
ated with (A, r') is then independent of the choice of the map r'. Since 
H1(K/F) C H1(K/k), we see that C(K/F) contains C(K/k) as a graded k- 
algebra. We shall call (A, r') an induced canonical algebra of K/F (with 
respect to the canonical algebra (A, T) of K/k). 

THEOREM 5.5. (Fibering Theorem) (cf. [12], p. 310). Let K/k be an 
algebraic function field of 0 < K(K/k) < n. Let Z(K/k) be the canonical 
field of K/k. If K/k has a normal complete model V such that QC(Hv1) = 
QC (or equivalently, if K(V) = K(K/k)), then the Kodaira dimension 
K(K/Z(K/k)) of K/Z(K/k) is zero. 

Proof. Write Z for Z(K/k) and G for HV1. From the above argument 
we obtain the canonical ring C(K/Z) of K/Z associated with an induced 
canonical algebra with respect to (A, r), and we have C(K/Z) 2 C(K/k). 
Since K(K/k) 2 0, we have C(K/k) ? K. Thus C(K/Z) ? K which shows 
that K(K/Z) 2 0. Let G' be the set of regular localities in G containing the 
field Z. Then C(G') 2 C(K/Z). We propose to prove that dimzCi(G') c 1 
for those i with Ci(G) * 0. This will imply that dimzCi(K/Z) c 1 for all i, 
which means K(K/Z) = 0 by Lemma 5.4. 

Fix an element z * 0 of Ci(G). We shall show that, for any nonzero 
elementx E Cj(G'), the quotient x/z is in Z, which will finish the proof. We 
only need to consider those x 0 Ci(G). For if x E Ci(G), then x/z is already 
contained in QC(G) n K = Z by the choice of V. 

Thus letx 0 Ci(G). This implies that there exists a finite subset {Rj} of 
G such that vR,(x) -s < 0. ClearlyR., G' as x E Ci(G'). Thus Z ? Rj,. 
Since each R, is a discrete valuation ring, we can find a nonunit a, /1b of R, 
in Z for each R, (here a,, b, are homogenous elements of the same degree 
in C(G)). Then vR (a,) > 0. Consider the product x' = x HI a/'. Since 
VR(X') > 0 for any R E G, we see that x' E C(G). But the product z' = z I 
a SZ is a homogenous element of C(G) with the same degree as x'. Therefore 
the quotient x '/z' = x/z E Z. The proof is complete. 
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THEOREM 5.6. Let F be a subfield of K containing k and suppose 
that K/F is an algebraic function field. Then 

(1) Z(K/F) v Z(K/k); 
(2) if K(K/k) 2 0, then K(K/F) 2 0, and 

K(K/k) c K(K/F) + dim F/k (cf. [12], p. 310. "Easy Addition 
Theorem"); 

(3) if K(K/F) = 0, then F : Z(K/k). 

Proof. (1) Let C(K/F) be the canonical ring of K/F associated with 
a canonical algebra induced from (A, r). Then C(K/F) 2 C. It follows that 

C(K/F) n K 2 C n K 

which proves (1). 
(2) We have C(K/F) 2 C; if K(K/k) 2 0, then C is not contained in 

K. It follows that C(K/F) is not contained in K. Therefore K(K/F) 2 0. 
For the inequality we have 

K(K/k) = trans.deg Z(K/k)/k 

< trans.deg Z(K/F)/k 

= trans.deg Z(K/F)/F + trans.deg F/k 

= K(K/F) + dimF/k. 

(3) If K(K/F) = 0, we have Z(K/F) = F by Lemma 5.2, and the as- 
sertion follows immediately from this and (1). Q.E.D. 

THEOREM 5.7. (cf. [12], p. 311. "Uniqueness Theorem"). Let K/k 
be an algebraic function field of O < K(K/k) < n. Let F be a subfield of K 
containing k such that K/F is an algebraic function field and K(K/F) = 0. 

(1) F = Z(K/k) if and only if dim F/k = K(K/k). 
(2) Suppose K/k has a normal complete model V such that K(V) = 

K(K/k). Then the canonical subfield Z(K/k) of K/k is characterized by the 
following two properties: 

(a) K(K/Z(K/k)) = 0; 
(b) Z(K/k) C Ffor any subfield F of K given above. 
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Proof. We have K(K/k) = dim Z(K/k)/k, and F D Z(K/k) by Theo- 
rem 5.6, (3). If dim F/k = K(K/k), then dim F/k = dim Z(K/k)/k. Thus 
F is algebraic over Z(K/k). But Z(K/k) is algebraically closed in K, by 
Theorem 5.3. It follows that F = Z(K/k). The other direction is obvious. 

The assertion (2) follows easily from Theorem 5.5 and Theorem 5.6, 
(3) in a similar way. Q.E.D. 

An algebraic function field K/k is said to be of elliptic (resp. para- 
bolic, resp. hyperbolic) type if K(K/k) = -1 (resp. K(K/k) = 0, resp. 
K(K/k) = n); K/k is of fiber type if 0 < K(K/k) < n. 

Definition 5.8. The canonical series of K/k is the chain of subfields 
of K 

K = Zo DZD D Zr = k 

in whichZ, = Z(Z_I1/k) for 0 < i < r, andZr,/k is not of fiber type. (It is 
easy to see that Zi- I/k is an algebraic function field for 0 < i < r.) 

Applying Theorem 5.7 repeatedly we obtain the following "towering 
theorem" for algebraic function fields: 

THEOREM 5.9. Suppose for any subfield F of K with F D k and dim 
F/k > 0, there exists a normal complete model Vof F/k such that K(V) = 

K(F/k). Then K/k can be uniquely factored into a series of extensions: 

K = Fo DF Fr = k 

such that 

(a) each Fi is algebraically closed in K; 
(b) K(F-i /Fi) = 0 for 0 < i < r; 
(c) K(Fi -/k) =dimFi/kforO < i <r; 
(d) Fr- I/k is not offiber type. 

The chain (Fo D F1 D * D Fr) is the canonical series of K/k. 

THEOREM 5.10. Let F be a subfield of K containing k and suppose 
that K/F is a separably algebraic extension. Then 

(1) K(K/k) 2 K(F/k); 

(2) suppose that K(F/k) = n; then K(K/k) = n, and if K 7 F, there 
exists a positive integer i > 0 such that pi(K/k) > pi(F/k) (therefore K/k 
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and F/k are not isomorphic as abstract algebraic function fields over k; cf. 
[I2], p. 312. Prop. 10.10). 

Proof. (1) Since K/F is a separably algebraic extension, we have 
S(F/k) C S(K/k) according to Theorem 1.5, (1). LetA" = i,0F(r(B V 
C A, where B' is any differential basis of F/k, and let r" = TIS(F/k)XS(F/k). 

Then (A ", r") is a canonical algebra for F/k with the associated canonical 
ring C(F/k). We shall prove that Ci(F/k) C Ci(K/k). Suppose that wi is an 
element of Ci(F/k), and R' any regular locality of H1(K/k). Let R = R,' n 
F. Then R E H1(F/k). Let B be a set of uniformizing coordinates of R. 
Then we have 

Wi-=b(,r"(B))i 

with b E R as wi E Ci(F/k). Since R C R', we also have b E R' and B C R'. 
It follows that 

wi = b(r"(B))i cEr(R') 

which shows that Ci(F/k) C Ci(K/k). Thus C(F/k) is a k-graded subalge- 
bra of C(K/k). Now we have 

K(K/k) = trans.deg C(K/k) - 1 

2 trans. deg C(F/k) - 1 

= K(F/k). 

(2) If K(F/k) = n, then K(K/k) = n by (1). Suppose that pi(K/k) = 

pi(F/k) for all i ? 0, i.e. Ci(K/k) and Ci(K/F) have the same dimensions 
over k. Since Ci(F/k) C Ci(K/k), we see that Ci(F/k) = Ci(K/k) for all 
i ? 0. Therefore C(F/k) = C(K/k). It follows that 

K = QC(K/k) n K 

= { the subfield of QC(K/k) generated by the quotients of ho- 
mogeneous elements of C(K/k) of the same degree } 

This content downloaded from 169.230.243.252 on Mon, 15 Dec 2014 23:59:35 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp
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= QC(F/k) n F 

= F. Q.E.D. 

BRANDEIS UNIVERSITY 
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